Capture of slow antiprotons by atomic hydrogen and positronium is simulated by the classical trajectory Monte Carlo method. Statistically accurate cross sections for protonium and antihydrogen formation are obtained and the energy dependence of the process is established. The results agree very well with experimental data for proton capture by positronium. Antihydrogen formation from antiproton-positronium collisions in the presence of a laser is simulated and the effects of laser polarization, frequency, and intensity are studied. Enhancements of the antihydrogen formation cross section are observed. For example, an increase of 70% is found for light of intensity 1.4ϫ10 13 W cm Ϫ2 and wavelength ϭ248 nm, for an antiproton collision energy of 1 keV.
I. INTRODUCTION
The interaction of antiprotons with simple atoms has been a subject of great importance since the development of lowenergy antiproton beams. Two issues of current interest relate to the capture of antiprotons by atoms, namely the spectroscopy of cold antihydrogen ͓1͔ and the dynamics of highly excited antiprotonic atoms ͓2-4͔. At the core of these studies is the knowledge of the rate of formation of these systems and the nature of the states that are formed. Our paper presents the results of classical simulations for processes leading to the formation of such systems. In particular, we calculate cross sections for antiproton capture by atomic hydrogen to form protonium, and by positronium to form antihydrogen. We investigate the effects of the presence of a laser on the antihydrogen formation rate.
The predominant inelastic process arising from fast antiproton collisions with atoms or molecules is ionization of the target. Antiproton ionizing collisions are well understood at present, except perhaps at collision energies far below the ionization threshold, and the topic has been comprehensively discussed by Knudsen and Reading ͓5͔. According to theory, below the ionization threshold, the importance of capture increases rapidly. An overview of theoretical approaches to antiproton capture by small atoms and molecules has been given recently by Cohen ͓6,7͔, in which the role of classical modeling was highlighted. The classical trajectory Monte Carlo ͑CTMC͒ method was introduced by Abrines and Percival ͓8͔ to calculate capture and ionization cross sections for proton-hydrogen collisions. It has been applied extensively in ion-atom collision studies to predict excitation and rearrangement processes in three-body processes ͓9͔. It has been particularly successful in quantitative estimates of electroncapture cross sections over a broad region of energies around the collisional ionization threshold. The main advantage of the CTMC method is that it is relatively simple and inexpensive to execute for three-body systems without approximation. Converged fully quantum-mechanical or semiclassical simulations often require very large-scale computation. Extensions of the classical theory to cover antiproton capture by multielectron atomic and molecular targets ͓10͔ have been applied with some success ͓6,11͔. Indeed, in the case of Ϫ -H collisions, the classical method performs remarkably well for muon capture below the ionization threshold when compared with methods that treat the electron quantally ͓12,13͔. It is well suited to atomic collisions involving muons, antiprotons, and pions as it offers a fully consistent treatment of the collision process and treats all possible reaction channels on an equal footing.
In this paper, we consider the following processes:
in which the target ''nucleus'' ͑T͒ can be either a proton or positron, and the reaction can take place in the presence of external fields.
II. THEORY
Consider the three-body problem in which the ith particle mass and coordinate are labeled as m i and r i , respectively. The two-body combined mass is denoted by m i j ϵm i ϩm j and the interparticle distance by r i j ϭr j Ϫr i . Then the Jacobi coordinates can be written as 
are reduced masses, and M ϭm 12 ϩm 3 is the total mass. The momenta are defined as p i j ϵ i j ṙ i j and p i j,k ϵ i j,k Ṙ i j,k . In atomic units, k i j ϭZ i Z j , where Z i is the charge of the ith particle. In our case, Z 1 Z 2 Ͻ0 and Z 2 Z 3 Ͻ0, so that the projectile ͑particle 3͒ can bind with particle 2. The CTMC procedure is well documented ͓8,7,14͔, but briefly it consists of the following steps: ͑i͒ Monte Carlo sampling of initial conditions (tϭ0), ͑ii͒ integration of the equations of motion, and ͑iii͒ identification of the exit channel in the asymptotic region t→ϩϱ. For a given collision energy (E), the initial conditions are specified by six parameters: five for the target and one for the projectile. The projectile is launched towards the target from a prescribed fixed distance ͑d͒ with a variable impact parameter (b). The center-of-mass collision energy, E, is related to the laboratory collision energy, E lab , by
and to the relative velocity of collision by vϭ ͱ2E/ 12,3 .
͑2.4͒
The target state is modeled by the microcanonical distribution ͓8,14͔, which prescribes the sampling of momentum and position phase space subject to the constraint of fixed energy. The five free variables include three angles, two describing the orientation of the orbital plane with the third specifying the orientation of the axis of the elliptical orbit. Finally, the angular momentum and initial position of the target particles on the orbital path are chosen randomly. Implicitly, we assume that the perturbing ion is sufficiently distant, and/or the laser pulse has not yet arrived, such that the two-body motion is purely Keplerian. The collision dynamics can be solved by integration of the equations of motion in either the Hamiltonian or Lagrangian form. The Hamiltonian formalism has been favored in the past as it is more efficient in the use of symmetry arguments that reduce the computation. In practice, it is simple and effective to work with the physically equivalent six ͑independent͒ second-order differential equations of motion following directly from Newton's second law. These were solved by resolving the equations into their Cartesian coordinates resulting in 12 first-order coupled ordinary differential equations, and integrated by an eighth-order RungeKutta method ͓15͔.
At intervals, a series of tests are performed in order to determine if the collision is over, and if so, the exit channel is identified. These tests are similar to those of ͓14͔. For antiproton capture, one can associate semiquantal numbers to label the captured state according to its energy and angular momentum ͓9,14͔. The semiquantal integers (n,l) are connected to the classical, continuous numbers n c ,l c by the relations
where n c ϭ( 23 /2͉E 23 ͉)
, E 23 is the energy of the bound state in its center-of-mass frame, and l c ϭ͉r 23 ϫp 23 ͉.
The presence of a laser introduces a perturbation that, in the dipole approximation and with the choice of the length gauge, has the form
͑2.7͒
where e is the direction of polarization of the laser, is the angular frequency, and F(t) is the electric-field amplitude. The phase of the laser is significant whenever the optical cycle time is longer than the time taken for the collision interaction. At higher velocities, it is necessary to choose a random selection of phases to allow for this variability. The peak field (F max ) is related to the light intensity ͑I͒ by F max ϭͱ2I/ 0 c. We note that the presence of the laser leads to a very small oscillatory motion of the center of mass of the system. However, this oscillatory motion dies away with the passage of the light pulse, and in the dipole approximation does not create a net transfer of momentum. In our scheme, the positronium is formed prior to the arrival of the laser pulse, and the collision products are observed after the pulse has ended. Thus the two-body bound-state quantum numbers and momentum-position distributions can be treated as field-free motions. The field was ramped smoothly on and off over a time scale :
A large number ͑N͒ of collisions are simulated that sample the full range of particle phase space and take into account the random laser phase. The cross sections for capture ( c ) and ionization ( i ) are calculated by quadrature:
where p c,i ( j,b j ) is the probability of a capture/ionization event happening at an impact parameter b k рb j рb k ϩ⌬b k for a collision, labeled j (1р jрN). The weights (w k ) were taken according to Simpson's rule and the range of integration covered all values of the impact parameter for which p c,i ( j,b j ) 0. The accumulation of errors in the numerical integration of the equations of motion was monitored by regular checks of the conservation laws. For example, in laser-free collisions, when energy conservation is violated by one part in 10 000, the results were discarded from the sample. A small number of orbits failed to converge to a prescribed exit channel as t→ϱ, and these were also rejected. In all, it was found that these anomalous results never exceeded 0.1% of the total number of collisions and thus much less than statistical fluctuations in the sampling process.
III. FIELD-FREE ANTIPROTON CAPTURE
Results for antiproton capture and collisional ionization were used to establish the accuracy of our code and to extend the range of the data. The statistical errors, denoted by the standard deviation s, are very much smaller than the point sizes on the figures. Sample results for the hydrogen target are given in Table I and agree well with previous simulations ͓11͔. We also present results for Ϫ (m Ϸ273m e ) capture by hydrogen in Table II . It has been noted ͓7͔ that cross sections for capture of Ϫ (m Ϸ207m e ) ͓7,13,14,16͔ and p by hydrogen are very similar, and our data for Ϫ follow this trend. This reflects the fact that the electron ejection process at low energies involves a centrifugal energy barrier against the incident particle approaching the critical distance of ionization, rather than a condition dependent on the collision velocity ͓6͔. Our data are more extensive and statistically accurate than previous CTMC simulations ͓11,14,7,17͔. As an example of the sampling error, the cross section for capture for Eϭ0.2, given by c ϭ3.62a 0 2 , was obtained from Nϭ5ϫ10 4 trajectories, which equates to a standard deviation of sϭ0.02a 0 2 . Similarly, the cross section for collisional ionization ( i ) of positronium for E lab ϭ10 keV given by i ϭ0.32a 0 2 was obtained from Nϭ10 5 trajectories with sϭ0.01a 0 2 . The distribution of antiprotons in subshells ( nl c ) has been considered by Cohen ͓7,18͔. If the electron is liberated with an energy Ͼ0 ͑in the center-of-mass frame͒, then the protonium energy E n ϭϪ 23 /(2n 2 ) is determined by E n ϭE Ϫ 1 2 12 Ϫ. Slow electron escape, Ϸ0, means that capture must occur near the level n max Ϸͱ 23 /( 12 Ϫ2E). This corresponds closely to our data ͑Fig. 1͒; for example, at E ϭ0.05 the formula gives n max Ϸ32. The sharpness of the n c distributions indicates a thin capture shell around the atom corresponding to nӷ1 and partially explains why classical theory works rather well in this instance. At higher energies, the ejected electron energy spectrum is broader, corresponding to antiproton-electron collisions in which momentum and energy transfer is required to effect capture. This leads to a broadening in the n c distribution, and the maximum of the curve favors lower n. The target atom has spherical symmetry, and thus the summation over all n and m levels yields cross sections that reflect the statistical weight: l c ϰ(2l ϩ1) ͓6͔. In Fig. 2 , the distributions, l c , follow this trend until the cutoff at lϳn max corresponding to the n distribution ͑Fig. 1͒. Using the semiclassical correspondence lϳ 12,3 vb, Fig. 2 can also be viewed as the weighted capture probability bp c (b), which is sharply attenuated for orbits that pass outside the capture radius (R c ). The antiprotons that are captured occupy a wide distribution of states. A small fraction of these capture antiprotons moves in nearly circular orbits l ϳn. These orbits are associated with long-lived states of antiprotonic helium ͓3͔. At energies above the ionization threshold, the capture cross section falls away rapidly as a result of the requirement for momentum matching ͓19͔.
Antiproton collision with positronium has been proposed as an efficient means of producing cold antihydrogen ͓1͔. Our CTMC results are shown in Fig. 3 along with previous results for E lab Ͼ2 keV by Ermolaev ͓17͔. The results agree very well with experimental results ͓20͔ for the chargeconjugate reaction pϩPs→Hϩe ϩ . In ͓20͔, the cross section for hydrogen formation at 13.3 keV is determined to be c ϭ9Ϯ3a 0 2 compared with our results of 10a 0 2 ; and at E lab ϭ11.3 keV, c ϭ30Ϯ10a 0 2 , compared with the CTMC results: 15a 0 2 .
It can be seen in Fig. 3 that the capture cross section for positronium has a prominent plateau feature over the energy range 2-10 keV. This is suggestive of a geometric target corresponding to a critical capture radius. Employing the laws of conservation of energy and angular momentum, and assuming that capture occurs at an antiproton-positron radius (R c ) where the electronic energy becomes positive, we arrive at the formula ͓14͔ for the cross section in terms of the critical distance:
where р1 is an empirical factor introduced to represent the efficiency of capture and i ϭϪ 1 2 12 is the target energy. If we assume that R c corresponds to the limit of the classical electron distribution, this simple model seems to explain the general trends in Tables I, II , and III. In fact, the data are very well represented by the following fits for the parameters: for p ϩPs, R c ϭ3.5 and ϭ0.96; for p ϩH, the fit is not quite as good, and we find that R c ϭ1.60,ϭ0.87 gives a reasonable approximation to the data. Given that the Ps radius is twice as large as that of H, one might expect that R c (p ϩPs)Ϸ2R c (p ϩH). We find from the fitted values that this is true to a good approximation. The capture radius model suggests that an increase in the antihydrogen production cross section might be obtained if the positronium could be either excited or polarized by an external field. In simple terms, the atom would have a larger orbit and charge volume and hence R c would be increased. 
IV. LASER-ASSISTED ANTIHYDROGEN FORMATION
The enhancement of capture due to laser assistance has been studied in the Born approximation ͓21͔. However, it has been confirmed ͓6͔ that for laser-free collisions this model is inadequate at energies below the ionization threshold ͓19͔ in that it grossly overestimates the capture process. Nonetheless, calculations at high energies using this approximation predicted an enhancement of capture in some circumstances by a factor of 10 or more ͓21,23͔ when an intense laser was present. However, a closer analysis revealed that, at the laser intensities considered, rapid photoionization ͓22͔ would dominate the process and thus prevent capture from occurring. We consider the process over the energy range of interest to experiment. In particular, we investigate laserassisted formation of antihydrogen at two collision energies, E lab ϭ1 keV and 15 keV for ϭ248 nm and ϭ1064 nm, and we consider linear polarized light with alignment parallel and perpendicular to the collision axis ͑di-rection of the antiproton beam͒.
Classical models of photoionization have been used successfully in the qualitative understanding of the response of atoms to intense light ͓24͔. In order to test our classical model of laser-positronium interaction quantitatively, we calculated the photoionization rate of isolated positronium. We considered two field strengths, F max ϭ0.01 a. for F max ϭ0.02. These results confirm that classical models can underestimate multiphoton ionization rates by large factors. Note that for long-wavelength high-intensity light, the dominant mechanism of photoionization is through tunneling ͑field-ionization͒ transitions, a process that is classically forbidden. For E lab ϭ1 keV, with an initial internuclear separation of dϭ40, the laser was ramped on over a time Ϸ80. The results we obtained did not show any variation under changes in the pulse rise time over the range 40ϽϽ120. Given the optical cycle times are 147 a.u. for ϭ1064 nm and 34 a.u. for ϭ248 nm, the random laser phase must be taken into account by statistical averaging. Displayed in Table IV are results for laser-assisted antihydrogen formation. At E lab ϭ1 keV, an increase of 4-70 % in the capture cross section was observed. The direction of the laser polarization vector, and hence the orientation of the positronium orbit, was not an important factor, and supports the critical distance model of capture.
At the higher energy, E lab ϭ15 keV, the capture process is thought to be a sudden transition, for which the momentum and position distribution of the target is more significant. The enhancement created by parallel polarization can be understood in terms of the laser driving the electron along the beam axis and creating more favorable conditions for momentum exchange between the projectile and ejectile. Our estimates of ionization events show that collisional ionization was greatly enhanced. Indeed, the combination of laser and antiproton was effective in producing ionization of the positronium in circumstances in which neither were effective alone. For some cases, the ionization yields increased at the expense of the capture cross section. Significant enhancement of capture requires a strong laser field. However, destruction of the positronium target by photoionization becomes a practical problem in implementation of this scheme. In order to inhibit this process, the laser interaction might be separated from the collision process by using pulsed light or passing positronium through the laser focus. Consider a configuration in which a positronium beam crosses the diffraction-limited spot of a light source of ϭ248 nm. An energy of the order E lab ϳ1 keV would equate to a relative speed of vϳ0.2 a.u. Thus the positronium-laser interaction time would be of the order 10 4 atomic units. Clearly, photoionization rates in excess of ⌫ϳ1ϫ10 Ϫ4 would mean significant loss of positronium. Thus the scheme would require a careful choice of laser wavelength and intensity.
V. CONCLUSIONS
In this paper, we simulated the classical capture of slow antiprotons by atomic hydrogen and positronium. The effect of a laser field on antiproton capture by positronium was investigated. Within the limitations of the classical model, statistically accurate cross sections for protonium and antihydrogen formation were obtained and the energy dependence of the process was established. The results agree very well with experimental data for proton capture by positronium ͓20͔. The present calculations found that the addition of the laser field led to enhancement of the formation of antihydrogen of 4-70 % for a collision energy of 1 keV. Our conclusion is that, in the synthesis of antihydrogen, the addition of a laser field would act as a useful accelerant. While the classical model has shortcomings, these preliminary results are promising. A more authoritative statement on the viability of such schemes would require quantal modeling of low-energy laser-assisted antiproton capture by positronium, or equivalently laser-assisted positron-atom scattering leading to the formation of positronium. Such a study seems warranted and worthwhile.
